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An examinat ion is made of the two-dimens iona l ,  a lmos t  s t a t ionary  flow of an ideal gas with 
smal l  but c l ea r  va r i a t ions  in i ts  p a r a m e t e r s .  Such gas motion is desc r ibed  by a s y s t e m  of 
two quas i l inear  equations of mixed type for  the rad ia l  and tangential  ve loc i ty  components  [1, 
2]. P a r t i a l  solutions [3, 4], cha rac t e r i z ing  the va r ia t ion  in the gas p a r a m e t e r s  in the v ic in i ty  
of the shock wave front  (in the shor t -wave  region),  a re  known for  this s y s t e m  of equations.  
The motion of the initial discontinuity of the shor t  waves  der ived f rom the ve loc i ty  compo-  
nents with r e s p e c t  to po la r  angle and the i r  damping a re  studied in the repor t .  A solution of 
the equations cha rac t e r i z ing  the a r r a n g e m e n t  of the initial discontinuity der ived f rom the 
ve loc i t i e s  is p re sen ted  for  one pa r t i cu l a r  case of the c lass  of  exact  solutions of the t w o p a r a m -  
e t e r  type [4]. Functions a r e  obtained which exp re s s  the nature of the va r ia t ion  in ve loc i ty  
of the front  of the damped wave and its curva ture .  

1 .  Formula t ion  of the P rob lem.  Let  us wr i te  the equation of the short  waves  for  two-dimens iona l ,  
a lmos t  s t a t ionary  s t r e a m s  of ideal gas [1] in the f o r m  

U s + A U ~ + B = O  

, " =  

H e r e  k =  1 for  motions having axial  s y m m e t r y  in the spher ica l  coordinate s y s t e m  r ,  0; k = l / 2  for  
plane pa ra l l e l  mot ions  in the po la r  coordinate  s y s t e m  r,  0; the d imens ionless  functions ~, v, 6, and y a re  
connected with the radia l  and tangent ia l  ve loc i ty  components  u and v and the independent v a r i a b l e s  by the 
equations 

u = aoMol~ ,  v = a o M  o [1/2 (~, + l) Mo]V'~, 
r = ao t  it + 1/2 (V + i) MoJ], O : ix/2 (V+ i) Mo] l / , y  

Let us examine the region in which the p r o p e r  values  ~1, 2 = ~ 1 / ~ )  of the ma t r ix  A a re  r ea l  
while the cor responding  lef t -handed c h a r a c t e r i s t i c  v e c t o r s  /1, 2 = [1 Xt, 2] a re  l inear ly  independent. Sup- 
pose the column vec t o r  U (6, y) has a discontinuity in the f i r s t  der iva t ives  with r e spec t  to the va r i ab le  y 
at some initial value 5 = 60 when Y=Y0 in the above- indica ted  region where  s y s t e m  (1.1) is hyperbol ic .  
The initial  discontinuit ies  of  the de r iva t ives  move along the cha r ac t e r i s t i c  cu rves  

dy / d6 = -4- [2 (6 - -  ~)]-'I, 

of s y s t e m  (1.1). The law of motion of the initial weak discontinuity must  be es tabl ished,  i .e.,  the nature 
of the dependence on the va r i ab le  6 must be de termined.  

2. Equations for  the Discontinuit ies.  J e f f r e y  and Taniuti  [5] studied in genera l  f o r m  the p rob l em of 
the dis tr ibut ion of the initial discontinuity in the der iva t ives  for  quas l l inear  hyperbol ic  s y s t e m s .  

Following [5], let  us introduce the new independent v a r i a b l e s  

r (6, y) = const, ~1 const 
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se t t i ng  

T h e n  the  w a v e  f ron t  i s  d e s c r i b e d  by  the  equa t ion  go ( 5, y) =0,  and the  m a t r i x  equa t ion  (1.1) is  r e p r e -  
s en t ed  in the f o r m  

Le t  [E] des igna te  the  d i scon t inu i ty  Ego = 0 - - E g o  =0 + in the quan t i ty  E.  Then  

[u] = 0, [us,] = 0 ' 

[u , ]  = H(51 ) ~ = 0 , [ y , ]  = Y(51 ) = # 0  

E x a m i n i n g  Eq.  (2.1) to  the  r igh t  and  le f t  o f  the  wave  f ron t ,  we obta in  equa t ions  r e l a t i n g  the  unknown 
c o l u m n  v e c t o r  

I I ( 8 1 ) = [  M] and the  s c a l a r  y(81) 

l o 2 y j I  - -  l o 2 U ~ o Y  = 0 (2.2) 

/0~H ' ~- [(VuP)oH]* Uo~, ~- [Vu (/1B)]0H = 0 

Y'  ---- (Vr~)~l)0II 

H e r e  a p r i m e  d e s i g n a t e s  a d e r i v a t i v e  wi th  r e s p e c t  to  51, an a s t e r i s k  d e s i g n a t e s  a t r a u s p o s i t i o n  
ope ra t i on ,  the  z e r o  index d e s i g n a t e s  the  va lue  in f ron t  of the wave  f ront ,  and V U d e s i g n a t e s  the g r ad i en t  
o p e r a t o r  in U space .  

We subs t i tu t e  into Eq. (2.2) the p r o p e r  v a l u e s  and p r o p e r  v e c t o r s  of  the m a t r i x  A and the e x p r e s s i o n s  
fo r  the  co lumn  v e c t o r s  U, 1I, and B and obta in  equa t ions  fo r  the  mo t ion  of  the d i scon t inu i t i e s  M, N, and Y 

M = [2 (5 - -  ~)]'~Y' (2.3) 

N = ivy -1- ]/2 (5 --~) ~ ]  Y -- [2 (5 -- ~)]2y, (2.4) 

2[2 (5 - -  ~)]~Y[' - -  {v~ + ~f2 (8 - -  ~) ~u - -  

- -  7/2[2 (5 --~t)112 (5 --~)1'  + }/'2 (5 - -  ~) vs + 4k5} Y' - -  

- - ivy  -~ V 2  (5 - 9) • 9y]' Y -- 0 (2.5) 

The  null  ind ices  and the unit  on the  v a r i a b l e  5 a r e  d ropped  f r o m  Eqs .  (2.3)-(2.5) .  

3. Solution of Equa t ions  fo r  the  D i scon t inu i t i e s .  F o r  app l i ca t ion  it is  i m p o r t a n t  to so lve  the  s h o r t -  
wave  equa t ions  in s y m m e t r i c a l  f o r m .  Le t  us use  one c a s e  of  the  t w o - p a r a m e t e r  c l a s s  of  e x a c t  so lu t ions  
[4] of  the s y s t e m  (1.1) 

= ~,  v = q y ,  5 = Z(~) (3.1) 

c ( ~ + c , )  2 + 2 ( ~ + c l ) - c l  a t  k = I / ~  
X(~)= - - c , / 2 - - ( ~ §  l a c ( ~ - / c L / 2 )  a t  k = i  

In th is  c a s e  Eq. (2.5) r e d u c e s  to  a f i r s t - o r d e r  equa t ion  f o r  the funct ion  Z =Y~ 

cl + 41:~ c~ 4-  4k~, 

with the  so lu t ion  

a r k = l / 2  and 

ark= I. 

Z : c2 it q- C~]] -(9+~176 ~(oo~-3)/4 exp (q / 4~1) (3.3) 

Z = [cc225/,]-115 - -  ~]- ' / ,  ~ exp { - -  cc ,  / 8~t W (1, i ,  I ~- In 0)} (3.4) 

H e r e  and l a t e r  ~ ( a ,  b, YO is  a d e g e n e r a t e  h y p e r g e o m e t r i c  funct ion  r e l a t e d  to the  i n c o m p l e t e  g a m m a  
funct ion  [6] 
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o o  

F (a, x) = I e=~t~-~ dt 

F'(ot, x) = x ~e -x~F(l ,  I ~- a, x) = e - ~ F ( I  - - a ,  --0~ X) 

w h e r e  c 2 is a cons tan t  of  in tegra t ion  

~-Cl  at k : l / 2  
~ =  c(~-~c~/2) at  k = i  

The solut ions  of Eqs .  (3.2) and (3.3) and o f  (3.2) and (3.4) 

k--~--J t '  4 ' - -  + c ~  

Y = ,c~2';']-11 ( 6 -  ~)-'/*exp { - - - ~  ~ (t, i , i  + In ~l)}d~ § C3 

r e p r e s e n t  the laws of  mot ion of the d i scont inu i ty  Y fo r  k = 1 / 2  and 1. 

In the  l a t t e r  ca se  fo r  un i fo rm gas  mot ions  c i = 0 ,and  the solut ion t akes  the f o r m  

Y -~ [c~2'/, f (6 - -  ~)'/,i -~ {(6 - -  ~) ~" (l, ~/,, (6 --  ~) / 4~) --  4~} ~- ca 

The laws of  mot ion  of  the  d i scont inu i t i es  in the de r iva t i ve s  with r e s p e c t  to v e l o c i t y  a r e  ob ta ined  f r o m  
(2.3) and (2.4): 

M =  [2(6 --~)] ' / ,Z,  N =  c ~ Y - - [ 2 ( 6  - -~)]~Z 

into which it is n e c e s s a r y  to  i n se r t  the c o r r e s p o n d i n g  va lues  of  6, Y, and Z fo r  k = 1/2 and 1. 

4.  Damping  of  Shor t  Waves .  Le t  us change  to  the v a r i a b l e s  61 and T in the equa t ions  (1.1) a c c o r d i n g  
to  the equa t ions  

O 0 I 0 0 
06 08~ V-~ o~ ' oy oT 

and let  us  r e p r e s e n t  the unknown ve loc i t i e s  ~ and r in the v ic in i ty  of  T =0 in the f o r m  of  expans ions  by  
p o w e r s  of  T: 

= T ~1 (6) -~ ~ 2  (6) ~- ... (4.1) 
= ~o § ~vl (6) § ~ 2  (6) § . . .  

Having subs t i tu ted  (4.1) into the  t r a n s f o r m e d  equat ions  and equa ted  the coef f i c ien t s  fo r  the s a m e  
p o w e r s  of  % we obtain  a f i r s t - a p p r o x i m a t i o n  equat ion 

v1-~ V ~-~h = 0 , (4.2) 

a second-approximation equation 

2 29~ ~- ~ v~ - -  vl' = 0 (4.3) 
V28 

1 1 I k 1 
- -  283 8 ~ I  , 

and a third-approximation equation 

3~3 + 3 / 1 / ~  . ~ '  = 0 
l , k 

]/'~ = 26 ~. 8 -'~/J 

(4.4) 

(4.5)  

The solut ion of  Eqs .  (4.2) and (4.4) 

~ = 6'/2 [<2~f-~23 c16(3-2r -1 
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cha rac t e r i ze s  the damping of the rate of change in the wave front. The solution of Eqs. (4.3) and (4.5) 

~2 = (4 1/~(o) - - - - - - 7  t("-~)/~ 

charac te r i zes  the damping of the curvature  of the wave front. 

He re 

A = (o[ a t2 + b kC,2] ,, k-- 2 ,--p- 2o) k--2q-~)  t-i-  t(k-2)l''"i-C3 

t ~ 6o, ~o = (3--2 k) / 4  

a = (4 (oc1) * (1 ~ 3  co -t- 2 co ~) 2-';* 
b = 4 o ) c  112-f- (8k i t )~o~-6co  ~] 

c2 = l / 2  [ l  - - 8  ( l  - -  k) co -t- 16 co ~] 

and c 1 and c s are  constants  of integration. 
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